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Abstract – We present a method to localize  electrocardiographic

signals maximum and minima values with high level of noise. The

method is based on integrations instead of differentiation in 

order to decrease the effects of the noise.

I. INTRODUCTION

The localization of the maximum, P, R and T, and minimum
values, Q and S, of electrocardiographic signals (ECG) is very
important for medical diagnosis. For example, the expert can
establish a diagnosis based on segment and interval duration.
One of the most significant instances is the detection of the 
QRS complex. There exist several algorithms to determine the
beginning and ending points of this complex. Presently, the
most popular algorithms used for the localization of ECG
peaks are based on: a) the amplitude and its first derivative [1-
4], b) the first derivative only [1,5-6], c) the first and second
derivatives [1,7-8], d) digital filters with differentiator [1,9-
10]. Since ECG signals are usually affected by high level of 
noise, methods based on derivatives cannot be used to obtain
the localization of the maximum and minimum values These
previous methods are not completely satisfactory if the signal
is not sufficiently free from artifacts such as noise and 
baseline variations. These artifacts are caused by, for example,
patience movement, respiration, and changes in electrode
impedance.

Some methods, based on pattern comparison [11-16],
decrease noise at the expense of eliminating data. On the other
hand, methods based on nonlinear transformations [16] are 
sensitive to noise because they include derivatives in their
calculations.

We presented recently [17] a method that evaluates the
location of the maximum value of a given function under the
presence of high level of noise. This method, which is based
on integrations instead of differentiation, was succesfully used 
to extract the threshold voltage in a MOSFET.

In the present article we have generalized our previous
method in order to also extract the location of the two minima
values. The method is applied to ECG signals with and
without added noise. Because the method is based on

integration rather than on differentiation, it decreases the 
effect of noise instead of increasing it.

II. METHOD

For the sake of completeness, we summarize here our 
previous method [17]. Let y(x) be a continuous function with a 
maximum value at x=xmax . Then the Content function is [18-
20]:
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which represents the area contained between the function and
the vertical axis. Using integration by parts it can be rewritten
as:
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where the second term in the right-hand side of (2) is called 
the Co-Content [18].

 Taking the derivative with respect to x of C(x,y) in (2):
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Equation (3) implies that the maximum of the Content
function occurs at x=xmax because dy/dx =0 at this point.
   Taking the derivative with respect to y of C(x,y) in (3):

x
dy

dC  . (4)

A plot of the Content function versus y will present a 
maximum value at a peak for the corresponding values of
x=xmax . The slope of this plot yield to the value of x because
of (4).

Although this method  [17] was originally developed obtain
the localization of the maximum value is also valid to obtain
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the minimum value because all the previous arguments remain
valid.

III. APPLICATION TO AN ECG SIGNAL WITHOUT ADDED NOISE

Figure 1 presents the ECG signal (y) MIT-BIH 100 [21]
versus the sample number (x) from 1700 to 2000.  The so 
called  complex QRS region is taking place in the region
between 1805 to 1840 and is shown in a expanded scale in
Fig. 2. The amplitude value at the point 1805 was selected as 
the reference (zero level) for convenience in the numerical
calculations. This figure also presents the calculated Content
function versus the sample number. We see in figure 2 that
both, the ECG signal and the Content, present a maximum
value at xmax=1826 and two minima at xmin1=1814 and
xmin2=1832.
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Fig. 1. ECG signal MIT-BIH 100 1700_2000 [21]. We can observe a low 

level of noise in this signal.
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Fig. 2(a). ECG signal MIT-BIH 100 1805_1840 [15] showing the complex
QRS region; and (b) Corresponding Content function versus the sample
number ( = x ).
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Fig. 3. Calculated Content function versus the amplitude value (y) for sample
number from the sample 1809 at the 1840.. The slope of the straight line at the 

peaks gives the location of the the maximum.

Figure 3 illustrates the same calculated Content function
versus the amplitude value (y).   The slope of this plot gives
the sample number ( x ) and evaluated at the three peaks yields
to 1826, 1814 and 1832 which are the original values without
added noise of xmax, xmin1 and xmin2.  Therefore, the method was
able to extract the location of one maximum and two minima
with high level of noise.

IV. APPLICATION TO AN ECG SIGNAL WITH ADDED NOISE

In order to illustrate a particular case in which the location
of the maximum and minimum values cannot be obtained
directly, we add noise to the original ECG signal.  The noise is
generated using random numbers between -320 µV and +320
µV.  Figure 4 (a) shows the ECG signal with added noise.

 Figure 5 (a) presents the expanded region of the ECG
signal with added noise. Figure 5 (b) shows the corresponding
Content function versus the sample number. We see in this
figure that the location of the maximum and two minima of
both functions has been lost because of the noise. 

Figure  6 illustrates the Content  function versus the
amplitude value (y) for the results presented in the previous
figure.  This plot presents three peaks and the corresponding
slopes of these peaks yield 1825, 1813 and 1831 which are
very close to the values xmax=1826 , xmin1=1814 , and
xmin2=1832.

335



MIT-BIH 100 1700_2000

sample (N)
1750 1800 1850 1900 1950 2000

am
p

li
tu

d
e,

 m
V

0.8

0.9

1.0

1.1

1.2

1.3
P

Q

 I
N

T
E

R
V

A
L

T
 W

A
V

E

QRS

Fig. 4. ECG signal MIT-BIH 100 1700_2000 with added noise
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Fig. 5(a) ECG signal MIT-BIH 100 1805_1840, with added noise, [21]
showing the complex QRS region;  and (b) Corresponding Content function
versus the sample number ( = x ).

V. CONCLUSIONS

We have extracted the location of the maximum and two
minima values of electrocardiography signals with high level
of noise. We have used a method based on integration instead
of differentiation in order to decrease the effects of the noise.
The present method is a generalization of our previous method
[17] used to extract the threshold voltage in a MOSFET. 
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Fig. 6. Calculated Content function with added noise versus the amplitude
value (y) for sample number from the sample 1809 at the 1840.  The slope of 
the straight line at the peak gives the location of the maximum value without
added noise.
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