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Abstract

Two useful applications of the Lambert W function to undoped-body MOSFET modeling are presented. Firstly, it is
applied to the problem of inverting the gate voltage versus channel surface potential equation. The result is an exact
analytical solution of the channel surface potential as an explicit function of the gate voltage for either n or p channel
operation. Additionally an approximate but highly accurate analytical solution is presented which is continuously valid
for all regions of operation. Secondly, we propose a new unambiguous analytical definition for the threshold voltage of
these undoped-body devices. This definition overcomes the impossibility of using the traditional definition based on the
bulk Fermi potential, and the ambiguities introduced by other definitions. The threshold voltage is mathematically
described also using the Lambert 7 function at the transition point from subthreshold to superthreshold behavior. An
approximation for the —1 branch of the Lambert W function is proposed to express the threshold voltage approximately
using elementary logarithmic functions. These new descriptions are then verified against two-dimensional numerical

device simulations.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

The ongoing miniaturization of modern semicon-
ductor devices is having considerable impact on their
models parameters that are commonly associated with
“bulk” properties. Among them, one of paramount
importance in MOSFET modeling is impurity doping of
the channel region. The inherent randomness of dopant
impurity locations within a very short channel length,

*Corresponding author. Tel.: +58-212-9064010; fax: +58-
290-63631.

E-mail addresses.: ortizc@ieee.org (A. Ortiz-Conde), fgar-
cia@ieee.org (F.J. Garcia Sanchez).

not only turns questionable the concept of impurity
density itself, but also gives rise in real life to significant
fluctuations of the MOSFET characteristics. Of especial
concern is the effect on the most important parameter,
the threshold voltage [1]. To alleviate this serious
problem, it has been proposed to do away with doping
the channel region altogether and use instead an un-
doped (or lightly doped) body to sustain the channel.
The idea, sometimes referred to as ““intrinsic channel,”
has been implemented in V-groove [2], double-gate SOI
[3], and several kinds of epitaxial channel MOSFETs
[4,5], and it is expected that it will become more preva-
lent in the future. In light of this possibility it seems
pertinent to reconsider two fundamental concepts that
are clearly affected by the absence of dopant atoms in
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the channel region. They are the ability to express the
channel surface potential as an explicit function of the
terminal voltages, and the very meaning of the threshold
voltage itself.

Accuracy and complexity of device models determine
the effectiveness of simulation in IC design [6]. Compact
MOSFET models of the “regional” type inherently in-
corporate continuity problems around the transition
from the subthreshold region to the superthreshold re-
gion [7]. The accurate description of this transition be-
comes increasingly important considering the continuing
dimensional downscaling and the reduction of the ter-
minal voltages. Conversely, surface potential-based
compact models are among the most accurate models
available and have a higher content of physical meaning.
They offer the advantage of being continuous portrayals
valid throughout all regions of operation.

Surface potential-based models require that the
channel surface potential be expressed in terms of the
terminal voltages. Unfortunately, in the usual case
of doped body devices, the surface potential is related
to the gate voltage by a well known transcendental
equation [6] that does not have a closed-form exact
analytical solution. Therefore the surface potential is
commonly obtained either by cumbersome numerical
iteration, or by using some approximate solution [8,9].
In either case, a good initial guess for the surface
potential is generally needed, or else the accuracy or
computational efficiency can be seriously compromised
[10], making such an otherwise desirable model unat-
tractive from a practical point of view. However, for
the particular case of undoped (or lightly doped) body,
it is in fact possible to solve the surface potential as an
explicit function of the terminal voltages. Such a so-
lution will be derived, presented and verified in the
next section.

Although the threshold voltage is the most important
device parameter for the design, modeling, simulation
and utilization of MOSFETs [6,7], its value is dependant
upon its definition, which unfortunately is not always
clearly stated when referring to this parameter. It is
common in the literature to define a threshold voltage
from a phenomenological point of view, as the gate
voltage at which the surface potential at the Si-SiO,
interface becomes approximately twice the bulk Fermi
potential in the semiconductor body [6,7]. This defini-
tion is obviously unapplicable to undoped-body MOS-
FETs.

Attempts have been made to improve the threshold
definition for doped devices [7,11]. For example, a new
definition was proposed [12] to improve the accuracy of
the 74 model for long-channel devices, but its improve-
ment is less significant for MOSFETs with a channel
length in the sub-micron range. A general graphical
definition of threshold for uniformly doped body short-
channel devices was proposed [13] as being the inter-

section of the two asymptotic equations of the surface
potential versus gate voltage that dominate in the de-
pletion and strong inversion regions. Other types of
functional definitions exist for the threshold voltage [14],
such as the de facto industry standard known as the
“constant current definition,” based on the flow of a
given pre-established level of drain current; or another
closely related “critical current at threshold” that has
been recently proposed for deep-submicron MOSFETs
[15]. Considering the inadequacy of existing threshold
voltage definitions for undoped-body long-channel de-
vices, we propose in Section 3 a new unambiguous an-
alytical definition for the threshold voltage of these
devices, based on a mathematical description of the tran-
sition from the subthreshold region to the superthres-
hold region.

Second order considerations, such as Fermi-Dirac
carrier distributions and quantum-mechanical effects
[16], are neglected in the present study for the sake of
simplicity. Their exclusion however should not affect the
general validity of the conclusions, and it is possible to
incorporate them without loss of generality for appli-
cations where they are significant.

2. Exact analytical expression for the surface potential

Charge-sheet analysis indicates that the relationship
between the potential at the channel’s Si-SiO, interface
of an enhancement MOSFET and the voltage at its gate,
assuming zero drain-to-source and source-to-body
voltages, can be expressed by the well known equation
[6,7]:

&

s, (1)

(Vos — Ves — ‘ps)2 =
where Vs is the gate-to-source voltage, Vg is the
flat-band voltage, determined by the gate material-to-
semiconductor body work function difference (neglecting
interface trap and other oxide charges), Y is the surface
potential at the Si-SiO, interface, C,, is the gate-oxide
capacitance per unit area, & is the permittivity of the
semiconductor, and F is the Kingston function defined
by [6]:
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Here, v, = kT /q is the thermal voltage, and ny and p, are
the equilibrium electron and hole concentrations. Since
we are considering the case of channel enhancement in
an undoped-body, the equilibrium electron and hole
concentrations are equal to the intrinsic carrier density
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n;. Therefore, letting ny = po = n;, and substituting (2)
into Eq. (1) yields

(Vcs — Ve — l//s)2 = VZUt {eXp <—&)

Ut
+ exp (ﬁ) —2}, (3)
Ut
where
v2qesn;
y=Y2 4

is the so-called body effect coefficient or body factor.

Taking the square root of Eq. (3) and expressing the
exponential functions in terms of hyperbolic functions
yields the equation that describes the gate voltage as a
function of the channel surface potential for all regions
of operation of an undoped-body device:

Vas — Ve — g = sgn(Yg)yv/2u; {cosh (%s) - 1} 1/2.
(5)

In this equation the sgn(yg) indicates that a minus sign
is used when the bands bend up and a plus sign when the
bands bend down. If we wish to circumvent the burden
of changing signs during the calculation, we may use a
half-angle trigonometric identity to get a more conve-
nient equation continuously valid for any band bending:

Vas — Ve = s + 2y+/v  sinh <12//_1)St> (6)
The above equation constitutes the complete description
of gate voltage in terms of surface potential for the
undoped-body device. Since we are generally interested
in enhancing either an n-type or a p-type channel, we
need only consider the corresponding positive or
negative surface potentials. For example, for an n-type
channel device, reverting (6) to exponential form yields:
VGS*VFB=IPS+V\/UTCXP<12%)7 (7)
where we have ignored the exponential with the negative
exponent. We have further assumed that g > v,, which
allows to neglect the implicit “—1"" term that should
otherwise be added to the exponential to ensure that
Vos — Vep goes to zero as the surface potential ap-
proaches zero.

Since ny # py # n; in the classical uniformly doped-
body case, the linear surface potential terms in the RHS
of (2) do not cancel each other. Their presence prevents
obtaining an exact analytical solution of the surface
potential in terms of the gate voltage. Fortunately this is
not so when the body is undoped, since the absence of
the linear surface potential terms in the Kingston func-
tion makes an analytical exact solution indeed possible

in this case. This possibility is highly desirable since
precise description of at least up to the third order de-
rivative with respect to the bias voltages is generally
required for performing correct distortion analysis,
among other reasons.

The exact solution that we propose makes use of the
principal branch of the Lambert W function [17], a
special function which cannot be expressed in terms of
elementary functions, and is defined as the solution to
the equation W (x)exp[W (x)] = x. The Lambert W func-
tion has already proved its usefulness in numerous
physics applications [18]. It has also been used for find-
ing the solutions to several previously unsolved but basic
diode [19] and bipolar transistor circuit analysis prob-
lems [20], and it can be found already incorporated into
some circuit simulation tools.

The surface potential in (7) can be solved explicitly in
terms of the Lambert ¥ function to yield the following
exact expression:

(Vos — Ves)

y
25 P { 20,

}) + Vos — Ve,

(8)

where W stands for the usual short-hand notation used
for the principal branch of the “Lambert-#" function.

Although (8) is indeed an exact solution of (7),
strictly speaking the expression is not a physically “cor-
rect” solution of the surface potential, because of the
simplifications that were made before attempting the
solution. However, having neglected the —1 term intro-
duces only a small error around the origin. If an accu-
rate solution is in fact needed, it is easy to see that the
inclusion of the “—1” term straightforwardly modifies
the solution to

s =200

_ Y (Vos — Vi)
W = 2U‘W(2\/17t exp { G + y\/v_t})
+ Vas — Ves + 7v/0r- 9)

Evidently the additional terms in (9) are insignificant,
except when Vgs — Vg approaches zero. It should be
emphasized that (9) is the new exact analytical solution
for the case of the n-type channel undoped-body device.
Nonetheless, whenever we are not interested in exact
values around the origin, it might be preferable not to
include the additional terms and use (8) instead. Need-
less to say that this exact solution of the surface po-
tential in the range of downward band-bending (n-type
channel), has an analogous counterpart for upward
band-bending (p-type channel).

Furthermore, if we need an expression for the surface
potential continuously valid for all band- bending con-
ditions (from n to p channel enhancement), (6) can be
solved explicitly, also in terms of the Lambert W func-
tion, to yield an expression which in this case is only
approximate:
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Fig. 1. Surface potential as a function of gate voltage calcu-
lated with (10) for an undoped-body long channel MOSFET,
for two gate-oxide thicknesses, assuming zero drain-to-source
voltage.
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Fig. 1 presents the surface potential, g, versus gate
voltage, Vgs, characteristics obtained using (10) for an
undoped-body device, with gate-oxide thicknesses of 2
and 20 nm, assuming zero drain-to-source voltage.

The previous equation is an approximate analytical
solution to Eq. (6), which represents a novel continuous
representation of the surface potential in the full range
of band-bending, for the particular case of an undoped
(or lightly doped) body. Although strictly speaking (10)
is not mathematically exact, it is nonetheless extremely
accurate for the typical range of parameter values
characteristic to the present type of problems. Fig. 2
shows the absolute error as a function of gate voltage,
resulting from calculating the surface potential with
(10). As shown, for an oxide thickness of 20 nm, the
maximum error incurred by calculating the surface po-
tential with (10) is about 8 nV, and occurs in this case
around a Vgg — Vg of 0.4 V. This maximum error de-
creases for diminishing oxide thickness to values as low
as 80 pV for an oxide thickness of 2 nm, also shifting its
location to higher gate voltages around Vgs — Vep =
0.5V.

The above results were verified against two-
dimensional (2-D) numerical device simulations. Fig. 3
presents with symbols the resulting values of the surface
potential calculated at the middle of the channel for
several gate voltages, of a long-channel undoped-body
MOSFET with a 20 nm thick gate-oxide and a flat-band

absolute error in y ¢ (nV)
o

-0.8 -0.4 0.0 0.4 0.8
Vss - VFB v)

Fig. 2. Absolute error as a function of the gate voltage resulting
from calculating the surface potential with (10) for a gate-oxide
thickness of 20 nm.
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Fig. 3. Middle of the channel surface potential at several values
of gate voltage (symbols), of a long-channel undoped-body
MOSFET with a 20 nm gate-oxide thickness, as calculated with
a 2-D device simulator, and the corresponding function (line)
obtained by fitting these points to (10).

voltage of —0.372 V. The continuous line in the graph
shows the result of fitting those points to (10). The 2-D
simulated surface potential values compare very well to
the analytically calculated ones. This same 2-D device
simulation will be used again latter for comparison
purposes by extracting its threshold voltage from its
drain current characteristics.

3. Defining the threshold voltage of undoped-body devices

In the increasingly important case of MOSFETSs with
undoped channel regions, it is obvious that the tradi-
tional and widely accepted definition of threshold volt-
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age, based on the bulk Fermi potential, becomes mean-
ingless [21]. It has been suggested [8] that the threshold
voltage of these devices should be defined as the gate
voltage that produces a certain pre-established constant
value of mobile charge in the channel. Although this is
an undoubtedly simple definition, it clearly depends on
an arbitrary choice of a predetermined value of charge,
in a similar way as does the traditional industry standard
constant-current threshold voltage definition. Consid-
ering the inherent ambiguity that this type of definitions
introduces, we propose here a new unambiguous ana-
lytical definition for the threshold voltage of undoped-
body long-channel devices. It follows from a previously
proposed graphical definition of the threshold voltage of
doped body devices [13]. The novel definition is based on
the mathematical description underlying the concept of
the transition from the subthreshold region to the su-
perthreshold region. It takes into consideration the as-
ymptotic behavior of the two surface potential functions
that describe each of these subthreshold and super-
threshold regions. In spite of the undoped-body, we will
still refer to these two regions as the weak and strong
“inversion” regions of operation, to maintain the anal-
ogy to classical doped-body devices.

Recalling (7) for the n-channel device and consider-
ing the corresponding dominant terms for each bias
condition, we can obtain the following two asymptotic
equations at the two distinct regions of operation:

Vas — Vi & 74/0; €Xp (Zl//_us)’ (11)
t

for the superthreshold (strong inversion) region, and
Vas — Ves = g, (12)

for the subthreshold (weak inversion) region. The same
argument about the absence of the “—1” term in (7)
could also be made in (11), but in this case it would
really be pointless to include it, since we are interested in
the threshold voltage and not in values near the origin.

What we propose is that the onset of strong inver-
sion, the “‘threshold,” lies at the transition point where
strong inversion behavior, as described by asymptotic
equation (11), begins to dominate over weak inversion
behavior, as described by asymptotic equation (12). In
other words, it is the point at which the surface potential
behavior changes from predominantly linear-like to
predominantly logarithmic-like, with respect to the ap-
plied gate voltage. Accordingly, the point where the two
asymptotic equations (11) and (12) intersect is said to
give the value of the threshold voltage, V. This point
is not only mathematically convenient but it is also
physically meaningful for defining the threshold volt-
age of the undoped-body MOSFET, as will be shown
below.

The new analytical definition for the threshold volt-
age (henceforth referred to as “the asymptotic 71”’) of
undoped-body long-channel MOSFETs is obtained
readily by solving Egs. (11) and (12):

Vr:VFszth,<f (13)

Y
)
where the symbol W_ represents the —1 branch of the
Lambert W function. It might be noted for completeness
sake, that the other solution, corresponding to the prin-
cipal branch of the Lambert # function, given by

= VFB_ZULW(_ (14)

v
)
must be discarded because it is physically unreasonable.

The corresponding value of surface potential at
threshold may be found if needed by substituting (13)
into (8). Fig. 4 illustrates the surface potential, /g, versus
positive gate voltage, Vs, as obtained with (8) or (9) for
a gate-oxide thickness of 20 nm. Also presented are the
two superthreshold and subthreshold asymptotic equa-
tions of g, (11) and (12), corresponding to the strong
and weak inversion regions. The projection of the in-
tersection to the Vgs-axis graphically describes the
threshold voltage of the device as defined by (13).

Although (13) is a sufficiently simple expression, it
might be desirable for quick hand calculations to be able
to use an approximate expression in terms of elementary
analytical functions. Several approximations have been
proposed for the branches of the Lambert # function
[18,20]. We propose to use the following convenient
approximation for the negative branch of the Lambert
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04
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@ I equation (8)
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’ o threshold
0.1 1
0-0 1 1 : 1 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
Ves= Ves (V)

Fig. 4. Surface potential versus positive gate voltage, Vs,
as obtained with Eq. (8) for a gate-oxide thickness of 20 nm.
Also presented are the two superthreshold and subthreshold
asymptotic behaviors, (11) and (12). The projection of the
intersection to the horizontal axis graphically defines the “as-
ymptotic threshold voltage” with a value of 0.467 V for this
device.
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W function valid at very small negative values of the
argument:

W_(x) ~ In {ﬁ} (15)

Replacing (15) for the negative branch of the Lambert
W function in (13) we obtain an approximate logarith-
mic expression for the threshold voltage:

Y
2
Vr = Veg — 201 1n e | (16)

()

Since there is no fixed charge in the undoped semicon-
ductor body, the total charge in the semiconductor, Qs,
is the carrier charge per unit area induced in the channel,
which can be calculated from (10):

QS = Voxcox = (l//S - VGS + I/i-‘B)Cox
= —2v1COXW< L p [(VGS — VFB)D

25 20,
Y ~ (Vos — Vrs)
+ 21JtC0,(W(—2\/th exp { ) (17)

Fig. 5 presents the carrier charge per unit area in the
channel versus the applied gate voltage, as calculated
with (17), for two values of gate-oxide thickness, as-
suming zero flat-band voltage and zero drain-to-source
voltage. Also shown in the figure are the linear extra-
polations to zero charge, which represent the basic con-
ceptual principle of threshold voltage. The values shown
of £0.599 and *0.467 V, for oxide thickness of 2 and
20 nm, respectively, match closely the corresponding

1.5 T T T T T 0.15
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Fig. 5. Semiconductor (carrier) charge per unit area in the
channel as a function of applied gate voltage, for two values of
gate-oxide thickness, assuming zero drain-to-source voltage, as
calculated by (17). Also shown are the linear extrapolations and
their intersections with the voltage axis that indicate the values
of the positive and negative threshold voltages of +0.599 and
+0.467 V.
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Fig. 6. Extraction of the threshold voltage from the linear ex-
trapolation of the drain current as a function of gate voltage of
a long channel undoped-body MOSFET with a 20 nm thick
gate-oxide and Vg = —0.372 V, calculated using a 2-D device
simulator. The extracted value matches that obtained from (13)
when the flat-band voltage of —0.372 V is added.

threshold voltages calculated with (13). This carrier
charge per unit area in the channel as calculated with
(17) agree very well with the values obtained from 2-D
device simulations of the long channel undoped-body
MOSFET.

In order to compare the values of threshold voltage
indicated by the proposed “asympthotic definition” to
actual values extracted from transfer characteristics, we
used the 2-D device simulator, to calculate the drain
current of the long channel undoped-body MOSFET
with a 20 nm thick gate-oxide and a flat-band voltage of
—0.372 V. Fig. 6 presents the drain current as a function
of gate voltage. From this transfer characteristic we may
extract the threshold voltage of the device using the
common extraction method of linear extrapolation [14].
When the flat-band voltage Vg = —0.372 V used in the
simulation is subtracted from the extracted value of
Vr = 0.096 V, the resulting value of 7 — Vg = 0.468 V
matches very well the value of 0.467V calculated from
(13) for this 20 nm thick gate-oxide device.

4. Discussion

The value of threshold voltage indicated by this as-
ymptotic definition, whether obtained graphically or
calculated with (13), is the same that results from lin-
early extrapolating the semiconductor charge to zero
(Fig. 5), and also matches closely the value actually ex-
tracted from the linear extrapolation of the drain current
transfer characteristics, generated from 2-D device sim-
ulation (Fig. 6). The corresponding value of the surface
potential at threshold can be found by substituting the
calculated Fr into (8).
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Fig. 7. Variation of threshold voltage, surface potential at
threshold, and the corresponding oxide voltage dependence on
gate-oxide thickness.

It should be remembered that, for simplicity’s sake,
the original formulation is based on Maxwell-
Boltzmann, not on Fermi-Dirac, occupation probability
distribution statistics. Thus, the calculated surface po-
tential values, and the corresponding carrier charge-
sheet density, near E,/2q are not exactly accurate; but
this consideration should not greatly affect the validity
of the present results for gate-oxide thicknesses >2 nm.

The curves of Figs. 1, 3 and 5 evidence the symmetric
nature of the channel enhancement mechanism (n or p)
of these undoped-body devices. The expected linear in-
crease of the carrier charge-sheet density with gate
voltage is clearly seen in Fig. 5, at values well above the
threshold voltage. This behavior is then reflected upon
the drain current as observed in Fig. 6.

The dependence of the threshold voltage on gate-
oxide thickness, as calculated using (13) is presented in
Fig. 7. The resulting plot confirms that the threshold
voltage of undoped-body devices, as described by this
new asymptotic-Vr definition, decreases essentially as a
linear function of the logarithm of oxide thickness. This
behavior, although atypical in highly doped-body de-
vices, is what should be expected for undoped-bodies.
We have also confirmed that it occurs even for lightly
doped bodies, when doping concentrations are less than
about 10"® cm~3, above which level the conventional
behavior is again exhibited.

5. Conclusions

Design and modeling of undoped-body MOSFETs
would benefit from computationally efficient and physi-
cally meaningful surface-potential compact models. To
that end we have developed, using Lambert 7 functions,
an exact analytical solution of the surface potential as an
explicit function of the gate voltage, valid for either

upward or downward band-bending. Additionally we
have also presented a highly accurate analytical solution
which is continuously valid for all regions of operation
of this particular kind of device.

Modeling undoped-body MOSFETSs also requires a
more unambiguous definition of threshold voltage than
what is presently provided by conventional definitions.
To that end, we have proposed a new approach for
defining 74 based on finding the intersection of the
surface potential versus gate voltage asymptotic equa-
tions for the so-called weak and strong inversion re-
gions. The resulting new definition is also expressed in
terms of the Lambert W function.

It has been shown that this threshold voltage, as
defined by such intersection, matches the value of ¥t
determined by extrapolating the carrier charge-sheet
density to zero. We have also obtained very good agree-
ment between the 2-D device simulation and both, our
analytical solution, and the threshold voltage definition
model. It is our conviction that the proposed asympth-
otic definition of V; promises to be a dependable means
to unambiguously define the threshold voltage of future
undoped-body MOSFET devices. Additionally, we ex-
pect that the exact explicit solution that has been pre-
sented here could become a useful foundation for the
formulation of future surface potential-based compact
models for this kind of undoped-body MOSFETs.
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