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Abstract—We report on the use of a simple design optimization
criterion for obtaining maximum static transfer function linearity.
It is based on an analytic function that corresponds to the integral
nonlinearity of the circuit. The criterion may be useful, either as
an analytic tool to gain insight into the circuit’s behavior, or as an
efficient computational alternative to calculating total harmonic
distortion (THD). It is utilized here to optimize the design parame-
ters of a recently proposed bipolar transconductor capable of high
linearity, which is composed of two parallel-connected nonlinear
blocks: a hyperbolic tangent-type transconductor and hyperbolic
sine-type transconductor. Examination of this tanh sinh-type
transconductor concept, using the analytic version of the present
criterion, indicates that this new circuit configuration is theoreti-
cally capable of achieving values of THD lower than possible with
conventional bipolar hyperbolic tangent-type transconductors. A
particular design example is presented to demonstrate, through
simulations, the performance of the new transconductor, and in
order to ascertain the ability of the proposed design optimization
criterion for obtaining maximum static transfer function linearity.
In this particular example, THD values of less than 0.3% are
obtained with a 100- S transconductance up to a maximum input
voltage swing of 50-mV peak.

Index Terms—Design optimization, integral nonlinearity,
tanh sinh-type bipolar transconductor, total harmonic distor-
tion.

I. INTRODUCTION

T RANSCONDUCTOR circuits are the basic components
of operational transconductance amplifiers (OTA) and are

also commonly used in active filter design [1], [2]. The use
of bipolar-type transconductor circuits [3] allows a wide tun-
ability range because of the exponential dependence of the cur-
rent on the base–emitter voltage of bipolar junction transistors
(BJTs). However, one of the major limitations of the conven-
tional bipolar “hyperbolic tangent-type” transconductor is that
in order to maintain linearity the maximum differential input
voltage swing that is allowed is very small, of the order of the
thermal voltage. Basically, two ideas have been traditionally
used to circumvent this limitation: The first and most common is
the multi- [4] configuration, where two or morehyperbolic
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tangent-type conventional differential amplifiers, each with a
certain base offset voltage, are simply connected in parallel. The
second is the “externally linear internally nonlinear” concept
(ELIN) [5], [6], based on some sort of configuration consisting
of nonlinear networks internally connected to produce an ex-
ternally linear result. Following the general motivation of this
second concept, Finol and Lovelace recently proposed [7] to use
a circuit composed of the parallel combination of a “hyperbolic
sine-type differential amplifier” [5], [8], [9] and a conventional
hyperbolic tangent-type differential amplifier [10]. The ratio-
nale is that, since the second derivatives of the and
functions present opposite signs ( and have expansive
and compressive behaviors, respectively), a circuit based on the
addition of these two functions could conceivable be designed
to be linear for a larger input voltage swing than either one of
the -type or -type differential amplifiers.

In what follows, we describe a procedure to be used
for designing the circuit that implements this new bipolar

-type transconductor concept. The goal of the
design criterion is to obtain a -type transconductor
which exhibits the maximum static transfer function linearity
possible, for given maximum input voltage swing and desired
transconductance. Therefore, the essence of the optimization
criterion must be to minimize the amount of static nonlinearity
introduced by the circuit. To this end, instead of relying on the
cumbersome conventional “brute-force” calculation of the cir-
cuit’s total harmonic distortion (THD) by iteratively sweeping
the relevant design parameters and performing a fast Fourier
transformation for each step in order to determine the parameter
values which minimize it, we propose to use an alternative new
simple optimization approach that can be applied either in one
analytical step, or numerically by iteration. The new approach
is based on the use of the “difference integral function”[11]
, [12] which has already been successfully used for other types
of applications, such as procedures to suppress linear parasitic
terms in device parameter extraction [13],[14]. Function
defines the area between the circuit’s actual static transfer
function and an ideal straight line drawn through its end points.
As such, it represents a measure of the circuit’s static integral
nonlinearity (INL) [15] and it is, therefore, directly related to
distortion. Recently, [16] this concept was successfully used
to quickly measure the harmonic distortion in SOI MOSFET
devices and differential pairs. In order to corroborate the
validity of the proposed criterion for design optimization
purposes, the new -type transconductor is optimized
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Fig. 1. Proposedtanh=sinh-type transconductor’s block diagram showing
the parallel combination of atanh-type transconductor and asinh-type
transconductor.

using this procedure and its results compared to conventional
direct numerical optimization methods based on minimizing
THD. The industry standard statistical language S-plus [17] is
used for this purpose.

II. A NALYTICAL CRITERION IN THE IDEAL CASE

Fig. 1 presents the proposed transconductor’s block diagram,
which shows the parallel combination of a -type transcon-
ductor block (represented by ) and a -type transcon-
ductor block (represented by ). The combined total output
current of the new bipolar -type transconductor is
ideally given by

(1)

where is the input voltage, is the thermal voltage, param-
eters and are arbitrary positive real numbers that scale,
which is a normalized common bias current, and parameters
and are input voltage attenuation coefficients, that could be
implemented by a variety of passive or active networks.

The task at hand is to find, for a given maximum voltage
swing and desired transconductance, the values of the four pa-
rameters (, , , and ) in the previous equation, such that the re-
sulting static transfer characteristics will exhibit maximum lin-
earity. As stated above, the condition for maximum linearity
may be found using the conventional approach of repeatedly
performing fast Fourier transformations to determine the param-
eter values which minimize THD. Simple observation, backed
by numerical optimization results using S-plus programming,
indicate that the lowest THD values are obtained in the present
circuit configuration when the smallest practical values ofand

are used to attenuate the input signal. This logical result is
independent of the values ofand and can be easily under-
stood by realizing that decreasingand implies reducing the
arguments of both hyperbolic functions in (1). However, prac-
tical considerations, fabrication and otherwise, usually impose
that neither one of the attenuation coefficientsand may be

smaller than a certain practical limiting value, say 1/, dictated
mainly by fabrication technology and area limitation considera-
tions. Accordingly, we shall use values ofand equal to what-
ever minimum is allowed by practical limitations, that is,

(2)

We need now to determine the optimum values of parameters
and . Let us denote by the maximum input voltage swing

to be expected according to the specifications, and lets design
for a certain average transconsductance,, desired within this
given maximum input voltage range . Taking
the derivative of with respect to , the average transconsduc-
tance can be expressed as

(3)
Then, substituting (1) and (2) into (3) we get

(4)

where

(5)

is defined for convenience as the normalized maximum input
voltage swing. Solving (4) for as a function of

, we get an expression that defines the relationship
that must exist betweenand to obtain the average transcon-
ductance , for a given maximum input voltage swing, ,
using the maximum input attenuation,, allowed by practical
fabrication considerations

(6)

We now need to find a second relationship betweenand .
To do that, we must apply a maximum linearity design crite-
rion, but instead of trying to minimize the THD through numer-
ical optimization of and , we will seek, as proposed in the
introduction, an analytical solution by evaluating the circuit’s
static transfer function integral nonlinearity using function
[11], [12] which for this purpose is defined as

(7)

Because the operator, as defined above, has the property of
canceling any linear terms present in the function on which it op-
erates, is ideally suited to measure integral nonlinearity which
is directly related to THD. For example, if were a perfectly
linear function of , , and similarly THD, would be exactly
equal to zero. Therefore, in order to maximize the static linearity
of the present circuit, the function of its static transfer char-
acteristics should be as close to zero as possible. Proceeding to
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Fig. 2. (a) Normalized current (I=I ), calculated from (1) f. (b) FunctionD,
evaluated with (8), versus peak input voltageV ; for a fixed value ofc = 3 and
four possible values ofa.

that end, substituting (1) and performing the integration in the
last term of (7) yields the expression offor this ideal circuit

(8)

To visualize the effect on the static transfer characteristics
of this -type transconductor of changing its design
parameters, Fig. 2 presents plots of normalized current ,
calculated from (1), and the resulting, calculated using (8),
versus peak input voltage up to 50 mV, for a hypothetical
case of a maximum attenuation factor (i.e.: ),
a fixed arbitrary value of and four possible values of

and . We notice that, although the output currents
appear approximately linear for the four cases, as expectedis
initially very close to zero near , later increasing to finally
end up rising exponentially for large values of. In two of the
cases ( and ), which correspond to compressive behavior
of the output current, the exponential rise (not visible in the
figure) occurs after having become negative and gone through
a maximum negative value. On the contrary, for the two other
cases ( and ), which correspond to expansive behavior
of the output current, remains always positive. The evolu-
tion of with varying , as revealed by the changing shape
of the plots in Fig. 2(b), suggests possible design criteria for
choosing the parameters’ values that would produce maximum
linearity. The strict and universally applicable criterion would
be to minimize the cumulative absolute value ofwithin the

whole input voltage range. This criterion will be applied numer-
ically in the last Section of this paper for comparison purposes.
However, its use for deducing analytic expressions of the op-
timum parameter values would entail unnecessary complexity.
Instead, we will use an alternative criterion consisting of making

become zero at the maximum specified input voltage swing
. Applying such a condition is almost identical, for

the application at hand, to minimizing the cumulative absolute
value of within the whole input voltage range, as can be in-
ferred by simple inspection of Fig. 2(b), and will be later con-
firmed by rigorous simulations. For this particular example of
the transconductor, it is easy to conclude that either
criterion would produce an optimum value ofsomewhat higher
than two.

The fact that the two above-mentioned criteria yield optimum
values of which are insignificantly different from each other,
allows us to use here the second criterion and require that
should become zero at the maximum specified input voltage
swing. Thus, equating (8) to zero at and substituting
equation (4) into it yields

(9)

This equation is the second relationship betweenand that we
were looking for. We now solve (9) together with the previously
found relationship betweenand , equation (6), to get the fol-
lowing solutions for the required values of parametersand :

(10)

and

(11)

The above two equations represent the analytic criteria to ex-
actly determine the required coefficientsand that would
ideally produce maximum linearity at given specified require-
ments of: 1) desired average transconductance; 2) maximum
expected input voltage range ; and 3) maximum input atten-
uation factor allowed by practical considerations. It is useful
to point out that, although the optimum values ofand do
depend on the average transconductancedesired in each par-
ticular design, the ratio is independent of it. In fact, as evi-
denced by dividing (10) by (11)

(12)

the ratio results to be only a function of the normalized max-
imum input , which, according to (5), includes the thermal
voltage, the maximum input voltage range , and the max-
imum input attenuation factor allowed.
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Fig. 3. (a) Optimum values of parametera as functions of specified maximum
input voltage swing (V ), calculated from (10) and (12), respectively, for four
possible values of average transconductance. (b) Correspondingc=a ratio.

Fig. 3 presents plots of the optimum values of parameter
and the corresponding ratio , that would ideally produce
maximum linearity, as functions of specified maximum input
voltage swing . They were calculated using (10) and (12),
respectively, for a hypothetical attenuation factor of and
four possible desired values of. Fig. 3(a) shows that at each
given the optimum values of increase with increasing .
Fig. 3(b) indicates that the ratio decreases as increases,
but, as expected from (12), it does so independently of. Both
trends may be explained by noting that, as the specifiedin-
creases, the expansive effect of thehyperbolic sine(represented
by parameter) becomes more dominant than the compressive
effect of thehyperbolic tangent(represented by parameter).
Therefore, in order to maintain the maximum linearity of the
combination, the ratio must decrease.

III. A PPLYING THE IDEALIZED ANALYTICAL APPROACH

The above procedure will be illustrated by an example of a
possible design. Let us assume, for simplicity, an input voltage
attenuation factor of (i.e., ), an expected
maximum input voltage swing of mV, and a target av-
erage transconductance of S. It should be noted that
the value of does not affect the optimization procedure, since
input attenuation is external to the -type transcon-
ductor and therefore the optimum values ofand do not de-
pend on the choice of . Then, using (10) and (11), we get:

and ( ), in agreement with
(12). Fig. 4(a) presents the resulting normalized total output cur-
rent ( ), and its two components, as functions of the peak
input voltage , from zero, going through the value of the de-
signed-for maximum voltage swing mV, all the way

Fig. 4. (a) Total normalized output current (I =I ) and of its two
components, calculated as functions of the peak input voltageV using
ideal device models and the parameters optimized forV = 50 mV. (b)
The corresponding transconductance of the total circuit and those of its two
components. (c) The corresponding THD of the total circuit and of its two
component blocks acting separately.

up to mV. The three plots illustrate how the nonlinear-
ities of the two components compensate each other to produce a
normalized output current which is highly linear, as expected, up
to the designed-for maximum voltage swing. The plot of the
transconductance, , shown in Fig. 4(b) confirms
that, within the desired input voltage range mV,
the resulting transconductance is indeed in agreement with our
design target of an average S. Fig. 4(c) presents the
THD resulting from the total current, and from its two compo-
nents if they were independently considered. We notice first that
the THD corresponding to the new -type transcon-
ductor increases until it reaches a local maximum of about 0.3%,
later decreasing slightly to a minimum value of about 0.2%
which occurs, as expected, at the designed-for maximum input
voltage swing of 50 mV. In contrast to this behavior, we observe
that the corresponding THDs of the independent components
both increase steadily, reaching values of 6.3% and 3.7% at the
specified maximum input voltage swing of 50 mV. This com-
parison demonstrates the mutual compensation of the expansive
and compressive nonlinearities of the and compo-
nent blocks, giving rise to a significant reduction of the new

-type transconductor’s THD, with respect to what
would be achievable by either of the two component blocks op-
erating alone. In the case of this particular example the THD
reduction is of at least one order of magnitude.

A question may arise at this point as to whether, instead of
the here proposed optimization method, it might not be simpler
to use another approach to static linearity optimization such as
conventional minimization of the squares of the terms above
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Fig. 5. THD as a function of peak input voltage produced by the circuit
designed using thec=a ratios resulting from conventional series expansion
optimization and from the present minimal integral nonlinearity optimization
method. Two designs are shown for the present method corresponding to
optimizations for two values of maximum peak input voltageV .

the first order of a power series expansion of the static transfer
characteristics. To answer this question we will comparatively
discuss both approaches. The use of a Taylor series expansion
about the origin entails calculating increasing order derivatives
rather than just the one integration required by the method
proposed here. This is the first comparative strength of the
new method. Integration is always preferable to differentiation
in any practical situation since it inherently reduces the effect
of measurement error and noise, whereas differentiation un-
avoidably increases this effect. A second and crucial difference
between using conventional series expansion optimization
and the present procedure is that series expansion necessarily
implies that the design is being optimized at just one point of
the transfer characteristics, the point about which it is being
expanded, which for the case at hand would correspond to
zero input voltage. On the contrary, the proposed integral
nonlinearity minimization criterion is an overall process in
that it optimizes the design globally over the whole operating
range, from zero up to the maximum expected input voltage.
Minimization of the squared terms of the Mac Laurin series
expansion of the -type transconductor’s static
transfer characteristics produces an optimum ratio value
equal to that which would be obtained when optimizing with
the proposed minimal nonlinearity method for a maximum
peak input voltage .

To clearly visualize the differences between both procedures,
we have applied conventional series expansion optimization to
the example presented above. Fig. 5 shows the THD as a func-
tion of peak input voltage produced by the circuit designed using
the ratio that results from series expansion optimiza-
tion. We have included in the figure for comparison of the THDs
obtained when using two minimal integral nonlinearity opti-
mized designs corresponding to two values of maximum peak
input voltage of 50 mV ( ) and 70 mV (

). We observe that, as should be expected, series expansion
optimization produces lower THD only close to the series ex-
pansion point, that is, at input voltages values close to zero. But
as the input voltage increases toward the maximum designed-for
value, the present method produces significantly smaller THD.

Fig. 6. Circuit architecture of the newtanh=sinh-type transconductor with
its two parallel connected constituents enclosed in broken lines: thetanh-type
transconductor block in the upper part, and thesinh-type transconductor block
in the lower part.

We might add that the overall THD is also smaller with the
present method, as can be verified by calculating the average
THD from zero input voltage to .

It should be emphasized that the difference between the two
procedures becomes progressively irrelevant as the maximum
input voltage requirement of the particular design tends to zero.
This is to be expected since, as already mentioned, minimal in-
tegral nonlinearity optimization for values of close to zero is
equivalent to minimizing the squared terms above the first order
of a power series expansion about zero. This can be further cor-
roborated by noting that the ratio value shown in Fig. 3(b)
for in fact corresponds to the value that would be ob-
tained by power series optimization. More importantly however,
Fig. 5 indicates that for designs requiring large values of max-
imum input voltage, the difference between the present proce-
dure and conventional series expansion optimization becomes
even greater. Suppose, for instance, that we wish to design a

-type transconductor with average S,
maximum input amplitude up to 70 mV, maintaining the output
THD below 1%. Fig. 5 clearly reveals that conventional opti-
mization using series expansion would not fulfill the given re-
quirements, because it would result in THD of up to 2.83%. On
the contrary, if the present optimization method were used, THD
would be kept below 0.64% at any input amplitude up to the re-
quired 70 mV. The decision about what maximum peak input
voltage to use for optimizing a particular design obviously de-
pends on the application for which it is intended.

IV. CIRCUIT SIMULATIONS

We shall use now the optimum parameter values obtained
from the above design criteria, based on the idealized analyt-
ical equations of the two transconductor blocks, to perform ac-
tual circuit simulations using more realistic and rigorous device
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Fig. 7. (a) Total normalized output current (I =I ) and of its two
components, simulated as functions of the peak input voltageV using rigorous
device models and the parameters analytically optimized forV = 50 mV.
(b) The corresponding transconductance of the total circuit and those of its
two components. (c) The corresponding THD of the total circuit and of its two
component blocks acting separately.

models. To this end we will consider the basic circuit archi-
tecture shown in Fig. 6, which contains a -type transcon-
ductor, in its upper part, connected in parallel to a -type
transconductor, in its lower part. Notice that we have omitted
in the schematic circuit diagram the input attenuation network
( ) and have shown the differential input voltage as

. The bias currents shown in the diagram are ,
and when expressed in terms of the normalized
current .

To explore the effect on optimization of using realistic
models for the devices, the -type transconductor
circuit was simulated using a new analytic “finitemodel” of
the -type transconductor, whose description is presented in
the Appendix, and also using AIM-SPICE [18] assigning rig-
orous Gummel–Poon models to all the devices. Typical values
used were for the npn transistors: A, ,

, V, and V; and for the pnp
transistors: A, , ,
V, and V. The values of parametersand used in
the simulations are those obtained from the idealized analytical
optimization results ( , , with ) for
the same design target of S with mV.

When the transconductor circuit, designed with the values of
and obtained from the idealized analytical optimization cri-

teria, is simulated using either finitemodels for the -type
transconductor block or rigorous Gummel–Poon models,
higher than expected THD’s are obtained. Fig. 7 presents the
normalized total current with its two components, and the
corresponding transconductances and THD, as functions of the

input voltage , resulting from rigorous model simulation.
These results should be compared to those presented in Fig. 4.
Notice that in addition to exhibiting higher overall THD, its
minimum has shifted to an input voltage value higher than
expected. We may also observe, by comparing Figs. 4(a) and
7(a), that the block part of the total transconductor current
has become noticeably straighter than would be expected from
a purely behavior. This particular effect can be understood
considering the behavior of the -type transconductor
block’s finite model presented in the Appendix. Notice also
in Fig. 7(b) that the resulting average transconductance has
failed to completely achieve the design target of 100S.

V. ANALYSIS AND DISCUSSION

In order to further investigate the effect of the models used,
we performed extensive direct numeric calculations, using
the S-plus environment, to the three types of models already
mentioned. Simple Ebbers–Moll device models, which do not
include the effects of Early voltage, were used to produce both
the “ideal models” (very large ) and the “finite models.”
The “rigorous model” was Gummel–Poon’s with the values
indicated previously. We applied three optimization procedures
based on three types of criteria for quantifying the resulting
nonlinearity. All three procedures include simulating the

- type transconductor with varying values of the
parameters, using each of the three types of device model
already discussed. In the first procedure the THD is calculated
and used as the criterion for quantifying and minimizing the re-
sulting nonlinearity. Since this procedure is usually considered
conventional, it will be used as reference.

The other two procedures, are proposed as alternative criteria
for quantifying the circuit’s nonlinearity, and are both based on
the analytic definition of function , as given by (7). One is
simply a normalized version of defined as

(13)

where . When using this criterion to achieve
minimum integral nonlinearity the optimum is said to be
reached when . The absolute value bars in (13) are not
really necessary and they are included here only for illustrative
consistency. Without them would just cross from positive
to negative values at the minimum nonlinearity condition [recall
Fig. 2(b)]. The last is the rigorous and universally applicable
criterion that evaluates the cumulative absolute value of
within the interval of interest, in this case from up to

. It is defined as

(14)

and the optimum (minimum integral nonlinearity) is achieved
when reaches its minimum value.

The calculation simplicity relative advantage of the proposed
alternative -based criteria, over the more conventional THD
minimization, is specially valuable and attractive when nonlin-
earity optimization is to be included together with circuit simu-
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Fig. 8. (a) THD. (b) NormalizedD. (c) TotalD as functions of parametera;
calculated from simulations using the same design specifications and three types
of device models.

lation within an iterative loop to produce the optimum values of
the parameters.

Fig. 8 shows the results of calculating the three versions of the
criteria from simulations of the present design, using the same
design specifications as already indicated, and three types of de-
vice models. Although the optimum value of, corresponding
to the minima shown, is calculated by numerical optimization,
the THD, normalized , and total resulting from simulations
are presented as functions of parameterto illustrate their sensi-
tivity to this parameter. The figure clearly confirms that, regard-
less of the criteria used to describe nonlinearity, numerical opti-
mization using ideal device models, does indeed produce the op-
timum value of parameter which was previously pre-
dicted by the proposed single-step idealized analytical design
criteria, represented by (10) and (11). Additionally, Fig. 8 indi-
cates that either of the three criteria used to describe nonlinearity
produce the same optimum value of parameter, which turns
out to be smaller than the value predicted by the idealized an-
alytical approach when more real device models are used. This
offers further evidence that minimizing, either normalized or
total, is equivalent to minimizing THD.

Finally, it is interesting to note in Fig. 8 that when the value
for parameter , obtained by numerical optimization with
rigorous device models, is used this circuit configuration is ca-
pable of realistically producing, under the previously stated de-

Fig. 9 Output current of thesinh-type transconductor block, calculated from
(A1) (continuous lines) and obtained from SPICE simulations (circles), for three
combinations of� and� .

sign specifications, a THD below 0.1% for input voltage swings
of up to at least 50-mV peak. Notice that this THD value is
only slightly smaller than what was predicted by the analyt-
ical design criteria based on ideal device models, which was
around 0.2% at the designed-for maximum peak input voltage
of mV and average transconductance of 100S. Ap-
parently, the main reason for the improved linearity observed
stems from the fact that the -type transconductor block is in
reality “more linear” than expected from its ideal behavior, as
explained in the Appendix.

VI. CONCLUSIONS

We have presented a design optimization criterion for ob-
taining maximum static transfer function linearity, based on an
analytic function that corresponds to the integral nonlinearity
of the circuit. Because of its relative computational simplicity
we have proposed to use it for quantifying nonlinearity, as an
alternative to the conventional and more complex calculation
of THD. We have applied this criterion, both analytically
and numerically, to optimize the design parameters of a new
bipolar -type transconductor. Circuit simulation
results, using rigorous device models, demonstrate that actual
implementation of the new transconductor can achieve the
theoretical expectations, and even surpass them by proper
choice of the s of the devices that make up the -type part
of the transconductor.

APPENDIX

Analysis of extensive simulations of the circuit architecture
shown in Fig. 6 indicates that when nonidealized device models
are used, the -type transconductor part, and not the con-
ventional -type transconductor part, is chiefly responsible
for the linearity behavior of the new -type transcon-
ductor. To try to understand the origin of the observed linearity
behavior we have developed a less idealized analytic model
for the -type transconductor. Using a device model that in-
cludes the effect of finite , the resulting differential output cur-

(A1)
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rent of the -type transconductor, can be expressed as shown
in (A1) at the bottom of the previous page, where and
correspond to the NPN and PNP devices, respectively. This ex-
pression reduces to a pure hyperbolic sine function by letting
the s tend to infinity.

Fig. 9 presents the -type transconductor output current
as calculated with (A1) (continuous lines) and as obtained from
SPICE simulations (circles), for three combinations ofand

, including the idealized case when they are assumed to be
infinite. We observe in Fig. 9 that as decreases, the transfer
function starts to depart from its ideal -type behavior (

), in effect becoming “straighter,” until at low values of
and it becomes essentially compressive. This new model

produces results that match those obtained from simulations
and explains the observed nonideal behavior of the-type
transconductor circuit.
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